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Abstract. The specific angular momentum of a Kerr black hole must not be larger 
than its mass. The observational confirmation of this bound which we call a Kerr bound 
directly suggests the existence of a black hole. In order to investigate observational 
testability of this bound by using the X-ray energy spectrum of black hole candidates, 
we calculate energy spectra for a super-spinning object (or a naked singularity) which 
is described by a Kerr metric but whose specific angular momentum is larger than 
its mass, and then compare the spectra of this object with those of a black hole. 
We assume an optically thick and geometrically thin disc around the super-spinning 
object and calculate its thermal energy spectrum seen by a distant observer by solving 
general relativistic radiative transfer equations including usual special and general 
relativistic effects such as Doppler boosting, gravitational redshift, light bending and 
frame-dragging. Surprisingly, for a given black hole, we can always find its super- 
spinning counterpart with its spin a* in the range 5/3 < a* < 8v6/3 whose observed 
spectrum is very similar to and practically indistinguishable from that of the black 
hole. As a result, we conclude that to confirm the Kerr bound we need more than the 
X-ray thermal spectrum of the black hole candidates. 
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1. Introduction 

From the last century, many black hole candidates are observationally discovered and 
it is believed that the spacetime around the object is well described by a Kerr metric. 
In the Kerr metric, when a central object is a black hole, it is required that its specific 
angular momentum should not be larger than its mass pQ [2], i.e. \a\ < M. Here, a 
denotes a specific angular momentum of a black hole and is defined as a = J/M where 
M and J are the mass and the angular momentum of the black hole, respectively. In 
this case, an event horizon exists around the black hole. We call this bound a Kerr 
bound [31 HI [5] . The observational confirmation of this bound leads to the confirmation 
of the existence of a black hole. 

In case that the specific angular momentum of a central object is larger than 
its mass, curvature singularity where spacetime curvature diverges is not surrounded 
by an event horizon. To avoid this, the cosmic censorship conjecture in which 
spacetime singularity should be concealed from our world is proposed [El [71 El E] • In 
some numerical simulations which start from configurations similar to a star before 
gravitational collapse, an apparent horizon forms before the formation of spacetime 
curvature singularity and a final object inevitably becomes a black hole [10]. On 
the other hand, the appearance of curvature singularity without being surrounded by 
an apparent horizon has been suggested in the numerical simulation of axisymmetric 
gravitational collapse of collisionless particles [HI [12]. It has been also revealed that 
curvature singularity not surrounded by a horizon appears in the spherically symmetric 
collapse in the critical and super-critical cases ([13] and references therein). Of course, it 
is also well known that in cylindrically symmetric systems a black hole cannot be formed 
after gravitational collapse [TJ1 [15], and it is not fully excluded that the spacetime 
singularity which is not surrounded by a horizon forms when the gravitational collapse 
starts from nearly cylindrically symmetric systems [16J. However, it is questionable 
that such highly symmetric configuration forms in any astrophysical situations. We 
can also see that most examples of spacetime singularities not surrounded by a horizon 
can be regarded as precursory or transient singularities followed by the formation of 
event and/or apparent horizons. It is also discussed that spacetime singularity not 
surrounded by a horizon is dynamically unstable |17i fT8l fT9] . Moreover, the object with 
its specific angular momentum larger than its mass evolves to a black hole through 
accretion processes of mass and angular momentum from a rotating disk around the 
object [11(20]. That is, it would be a physically reasonable assumption that the black hole 
candidates with mass accretion observed so far are really black holes (although recently, 
another scenario has been discussed, see [21J). Recently, the numerical simulations of 
hydrodynamic accretion onto a super-spinning object have suggested that for the object 
with its spin a/M slightly larger than unity the mass accretion is prohibited because of 
the repulsive force near the central object due to the spacetime geometrical effects [22J. 

On the other hand, in past studies many attempts were performed to obtain direct 
evidence of the existence of a black hole from observational data (see §H). Especially, 
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thanks to the developments of radio interferometers achieving highest spatial resolution 
in existing telescopes, the black hole in the Galactic Center Sgr A* with a large apparent 
size begins to be spatially resolved [231 E3]- The spatial resolution of these radio 
interferometers is comparable to the size of the apparent size of a black hole shadow 
in the nearby galactic centers such as Sgr A* [251 ESI E7] and M87 [28]. The data 
recently obtained by sub-millimeter interferometers [23] contain information of the size 
of luminous matters whose size is comparable to the size of the event horizon of the black 
hole in Sgr A* [251 EHl E7] • Although as described above the Kerr bound is assumed to 
be valid by many authors, we have not yet obtained the final confirmation of the bound 
from observational data. Even for the black hole in Sgr A* in which there are plenty 
of observational data such as energy spectrum, linear and circular polarization, radio 
visibility and light curves in the wide range of observed frequencies, we have not yet 
obtained the final value of the spin of the black hole in Sgr A* [25j EHl EZ] and the Kerr 
bound is not also observationally confirmed. 

Recently, several theoretical studies relating to the confirmation of the Kerr bound 
are performed for a black hole which we can potentially directly image in the near future 
such as the case of Sgr A* and in these studies the apparent size of a central object 
is estimated [U El [29] . The strategy they adopted is as follows. They first assume a 
central object which is described by the Kerr metric but have specific angular momentum 
larger than its mass. Next, they calculate the observational signatures of the assumed 
object. Finally, they compare the observational signatures with those of a black hole. 
As observational signatures, the apparent shapes and sizes of the assumed objects are 
calculated. From these calculations, the very large values of the spin of the central 
object in Sgr A* are ruled out from its large size [H [29] . They assume that general 
relativity is not valid at a central region near the curvature singularity but replaced by 
an alternative theory such as quantum gravity theory (see also [3]). 

In order to spatially resolve the apparent image of a black hole by future 
interferometers, its apparent angular size should be larger than several micro-arcseconds, 
which correspond to the spatial resolution of radio interferometers in the near future 
|24j . Even with these highest spatial resolution, most of the black hole candidates 
discovered in X-ray observations can not be spatially resolved because of their too small 
angular sizes. For most of the black holes discovered in X-ray, energy spectrum and light 
curves are observationally obtained. For some of these black holes observed in X-ray, 
the parameters of the black hole such as the mass and the spin are determined by the 
spectral fittings by assuming that the object is a black hole [301 Ell E21 E31 EH EH EHl EZ] ■ 
For these black hole candidates, it is open to question whether it is possible to confirm 
the Kerr bound from the observational data. The main purpose of the present study 
is to answer this. In order to do this, we take the same strategy as described in the 
last paragraph. That is, we first consider the object which violates the Kerr bound, 
i.e. with a/M > 1. In this paper, we call this object a super-spinar [31 [22]. Next, the 
energy spectrum of the assumed object is calculated and finally compare the spectrum 
with that of a black hole. The X-ray spectrum of a black hole candidate generally 
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consists of a thermal component originating from the accretion disc around the black 
hole and a non-thermal component originating from high energy photons which are up- 
scattered in e.g. corona above or in the accretion disc. In this study, we only assume 
a thermal component for simplicity. The observed energy spectrum is calculated by 
solving the general relativistic radiative transfer including usual special and general 
relativistic effects such as Doppler boosting, gravitational redshift, light bending and 
frame-dragging. In this paper, we assume no emission from a central object. 

The present paper is organized as follows. In $2} physical assumptions and disc 
structure are given. In £j3l we calculate the local radiation flux, the radial temperature 
profile and the energy spectrum of the disc. We give discussion in §H] and conclusions 
are presented in j|5j Throughout this paper, we use the geometrical units c — G — 1. 

2. Structure of an Accretion disc 

In this section, we describe the basic disc structure used in the calculations in the next 
section. Although some part of this section was already investigated in the past studies 
[3H1 ESI SOI SD S21 S31 SS] , we describe these for the completeness of the description 
and the preliminaries for the next section. In the process of the mass accretion onto 
the central compact object such as a black hole or a super-spinar, when the accreting 
matters have some angular momentum, accreting fluid usually forms disc-like structure 
around a compact object. This astrophysical object is called an accretion disc. In the 
accretion disc, the angular momentum of the fluid is transferred outward due to the 
viscous stress caused by magnetic and/or turbulent effects. Then, matters are allowed 
to gradually and spirally accrete inward. On the other hand, the viscous stress converts 
the gravitational energy of the accreting matters into other forms of energy such as 
the thermal, radiation and/or magnetic energies. In the present study, we consider the 
geometrically thin and optically thick accretion disc, where the gravitational energy is 
effectively released as the radiation energy, and then produce the significant radiation 
which can be observed. According to the accretion disc theory, this type of disc structure 
is achieved for the accretion disc whose mass accretion rate is nearly sub-Eddington, 
i.e. M < Lgcid/c 2 . For the geometrically thin disc, the disc thickness H in the vertical 
direction at some radius r is much smaller than the radius r, i.e. H ^ r. In terms 
of this type of the accretion disc, the general relativistic disc around the Kerr black 
hole is given in jl6] and [4T] . In the present study, by adopting the basically same 
calculation methods and assumptions in [17] , we calculate the disc structure around the 
super-spinar. 

We neglect the self-gravity of the accretion disc. As a background geometry, we 
consider the stationary, axisymmetric and asymptotically flat spacetime described as 

ds 2 = -e 2u dt 2 + e 2 ^(d<p - udt) 2 + e 2 ^dr 2 + e 2 » 2 d6 2 , (1) 

where 

e 2u = ZA/A, e 2 ^ = sin 2 6A/E, e 2 " 1 = S/A, e 2 " 2 = S, u = 2Mar/A. 
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(2) 

Here, M is the mass of the central object, a is its angular momentum per unit mass, 
uj is the angular velocity of the frame-dragging around the central object, and the 
functions A, S and A are defined as A = r 2 — 2Mr + a 2 , £ = r 2 + a 2 cos 2 9, and 
A = (r 2 + a 2 ) 2 — a 2 A sin 2 9, respectively. The horizon radius rn of the black hole is given 
by r H /M = 1 + a/1 - a 2 where a* = a/M for -1 < a* < 1. While for -1 < a* < 1 the 
central object is a black hole, for a* < —1 or 1 < a* it is a super-spinar. In this study, 
we mainly focus on the super-spinar with 1 < a*. 

We assume that the matters in the disc move in equatorial circular geodesic 
orbits around the central object as in [37J and [15] . Such orbits of the particles in 
the Kerr geometry are described by the three constants of motion; the total energy 
E, the angular momentum parallel to symmetry axis L and the Carter constant Q 
[48] [49] . The radial component of the equations governing the orbital trajectory is 
given by T,dr/d\ = ±[V^.(r)] 1//2 , where A is the parameter along the trajectory and 
V r (r) = [E(r 2 + a 2 ) - La] 2 - A[r 2 + (L - aE) 2 + Q] in [3H]. The energy and the angular 
momentum of the particle with the circular orbit on the equatorial plane are calculated 
from the conditions V r (r) = and V^(r) = and are given by 

E = Sl [r 1/2 (r-2M) + s 2 aM 1/2 ]/p, (3) 
L = s^M 1 ' 2 ^ 2 + a 2 - s 2 2M 1 l 2 ar 1 / 2 ) /p, (4) 

where p = r 3 / 4 (r 3 / 2 - ?>Mr x l 2 + s 2 2aM 1 / 2 ) 1 / 2 , s x = ±1 and s 2 = ±1. In the limit of 
r — )• oo, the sign of the energy becomes positive (negative) for s x = 1 (—1). It is noted 
that the sign s± = — 1 corresponds to negative energy as measured by local observers 
and gives unphysical solutions in the context of the present paper (for details, see [32]). 
On the other hand, s 2 = 1 and —1 respectively correspond to equatorial circular orbits 
of the 1st family and the 2nd family [42J. For the orbits with si = 1, the 2nd family 
orbit always corresponds to a retrograde orbit. In the case of a black hole (a* < 1), the 
1st family orbit always corresponds to a prograde orbit outside the horizon [3H]- On 
the other hand, in the case of a super-spinar (a* > 1) the 1st family orbit can be a 
retrograde orbit near the super-spinar, while far from the super-spinar the 1st family 
orbit always corresponds to a prograde orbit. These features are investigated in the past 
studies [38, 42J. From the energy E(= —Ut) and the angular momentum L(= u^) given 
above, all components of the four- velocity w M of the particle with a circular orbit in the 
equatorial plane can be calculated. For this orbit, the angular velocity Vt{= jvF) is 
given by = s 2 M l l 2 /[r 3 / 2 + s^M 1 / 2 ]. This is the Keplerian angular velocity in the 
Kerr geometry. By using these E and L, the marginally bound circular orbit r m b and 
the ISCO risco are obtained from Ej \i = 1 and V"(r) = 0, respectively, as in [3H]- The 
circular orbit exists for the case that the denominator of Eqs. ([3]) and (j3J) is real, i.e. 
p > 0. The limiting case, p = 0, gives an orbit with infinite energy per unit rest mass, 
and hence the radius of the photon circular orbit r p h [48J. 

For the accretion disc consisting of the materials with the circular orbit, the 
inner boundary with no torque is usually assumed. While outside the inner boundary 
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Figure 1. The radii of the event horizon rn {dotted line) and the innermost stable 
circular orbit (ISCO) nsco (solid line) for a black hole (a* < 1) and a super-spinar 
(a* > 1) as a function of the Kerr parameter a„. Only the quantities corresponding to 
the direct motions are shown. 



the gravitational energy is effectively released as the radiation, inside the inner 
boundary the matters fall freely onto the central object with the energy and the 
angular momentum with the values at the inner boundary. That is, inside this 
radius which is called the plunging region, there is no radiation. The recent three- 
dimensional magnetohydrodynamic simulations around the rotating black holes support 
this assumption [50]. In this study, we assume that the viscous torque vanishes at the 
ISCO, risco, where dE/dr = dL/dr = 0. For the rotating black hole, the analytic 
expression for r ISCO is given by Eq. (2.21) in jlH]. For any values of the spin a*, the 
radius of ISCO is analytically given by 

risco/M = 3 + Z 2 - sgn 2 [(3 - ^)(3 + Z x + 2Z 2 )] 1/2 , (5) 

|1 - K|| 1/3 + sgn 1 (l + H) 1 / 3 ! , 



Zx =1 + |1-^| 1/3 



Z 2 = (3al + Zi) 1/2 , 

■fl for al < 1 (black hole) 
-1 for al > 1 (naked singularity) 



sgri! 



sgn 2 



+ 1 for a* > 
— 1 for a* < 0. 



In the limit of a* — > +oo, rjsco/M — > y/Sa*. In Fig. [TJ we show the event horizon rn 
(dotted line) and the innermost stable circular orbit r^co {solid line) as a function 
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Figure 2. The total energy E (= — Ut) (top left), the angular momentum L (= u^) 
(top right), the angular velocity SI (— u^/u 1 ) (bottom left) and the angular velocity 
of the frame-dragging lo ( bottom right) of the orbiting particles around a super-spinar 
(solid lines) and a black hole (BH) (dotted lines). The values of a* are selected as 
0, 0.9 and 1 for black holes and 1.001, a a = 4^2/(3^) (~ 1.089), 1.5, 2 and 5 for 
super-spinars. The radius of IS CO is denoted by the filled circles. 

of the spin parameter a*. For a* = 8y / 6/3 (~ 6.532), the radius of the ISCO 
becomes 6M which is the same value as that for the non-rotating black hole (i.e. 
a* = 0). The minimum value of rrsco = (2/3)M (~ 0.667M) which is achieved at 
a, = a cr = 4y/2/(3V3) (~ 1.089). 

In Fig [21 we plot the total energy E (= — p t ) (top left), the angular momentum 
L (= p^) (top right), the angular velocity Q (= u^/u 1 ) (bottom left) and the angular 
velocity of the frame-dragging u (bottom right) of the orbiting particles around a super- 
spinar (solid lines) and a black hole (BH) (dotted lines). Here, we have assumed 
si = S2 = 1 (positive energy at a large radius, and the prograde orbit). The values 
of a* are selected as 0, 0.9 and 1 for black holes and 1.001, a cr = 4^2/(3^) (~ 1.089), 
1.5, 2 and 5 for super-spinars. The radius of ISCO is denoted by the filled circles. For 
the spin in the range of 1 < a* < a cr , the energy at the ISCO becomes negative. 

The total radiation energy of the matter with the circular orbit in the equatorial 
plane is equal to the gravitational binding energy of the matter when it is at the ISCO. 
The efficiency e with which the rest mass energy converts to the radiation energy of 
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a* 

Figure 3. The radiation efficiency e (= 1— Eisco) with which the gravitationai binding 
energy converts to the radiation energy when all the photons are escaping from the 
disc for the super-spinars with negative (solid line) and positive (dashed line) energy 
at ISCO and a black hole (dotted line). The locations of the maximally rotating black 
hole (filled circle) and the limit of maximum radiation efficiency for the super-spinar 
with the negative energy at ISCO (blank circle) are also shown. 

photons escaping from the disc is defined as the ratio of the rate of the radiation energy 
(=the rate of the gravitational binding energy) and the transportation rate of mass 
energy onto the central object. When all the emitted photons escape from the disc, 
for the matter at the ISCO, this efficiency is calculated by using the total energy E 
at the ISCO as e = 1 — E. As is well known, for the non-rotating and the maximally 
rotating black holes these efficiencies become about 6% and 42%, respectively [HE]. In 
Fig. [3j we plot this efficiency, e (= 1 — -Ersco); f° r the super-spinars with negative {solid 
line) and positive [dashed line) energy at ISCO and a black hole {dotted line) for the 
case that all the emitted photons escape from the disc. The locations of the maximally 
rotating black hole {filled circle) and the limit of maximum radiation efficiency for the 
super-spinar with the negative energy at ISCO {blank circle) are also shown in Fig|3j 
For the super-spinar (i.e., 1 < a*), the efficiency decreases as a* increases. For the 
super-spinar with the spin within 1 < a* < a cr , the radiation efficiency is over 100% 
(i.e., 1 — -Eisco > 1 )• This is because the energy at ISCO is negative and then we 
can interpret that positive energy is extracted from the super-spinar [391 14*01 |4"T1 
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It should be noted that the solution denoted by the dashed line in Fig for a super- 
spinar is not considered in this study. This is because this solution have negative energy 
at infinity and this is not the case for the accretion disc considered here. So, for a 
super-spinar, only the solution denoted by the solid line in Fig [3] is considered in this 
study. The upper limit of 1 — -Eisco is (1 — -Eisco)max = 1 + l/v3 (~ 1.577), i.e., the 
upper limit of the radiation efficiency is about 157.7% as shown by the blank circle in 
Fig. [3j This is achieved for the super-spinar with the spin which is just above 1. The 
efficiency becomes 100% at the spin a* = a cr , where the minimum value of the radius of 
ISCO is achieved as r ISCO = (2/3)M. At the spin of a* = 5/3 (~ 1.667), the efficiency 
becomes ~ 42% which is the same value as for the maximally rotating black hole. At 
the spin of a* = 8v^6/3 (~ 6.532), the efficiency becomes the same values as for the 
non-rotating black hole, i.e. 6%. For the super-spinar with a* > 8\/6/3, the radiation 
efficiency becomes smaller than that of the non-rotating black hole. It is noted that 
in these calculations we have assumed that all photons escape from the disc which is 
not completely realistic, i.e. in reality some photons emitted from the disc should be 
absorbed by the central object, not escaping into infinity (20]. Actually, in the vicinity 
of the black hole and the super-spinar, a large part of photons are trapped by the strong 
gravitational field of the central object. The analysis about this problem is presented 
in the past studies |101[ |52| |4~3] . However, it can be expected that the efficiency for 
the super-spinar with the spin of 1 < a* < 1.667 is significantly larger than that of the 
maximally rotating black hole. 

3. Radiation Flux and Energy Spectrum of an Accretion disc 

The stress-energy tensor T^ u is given by T^ v = pohu^u" + u^q v + u u q^ + t^ u , where po, 
h, q^ and t^ are the rest-mass density, the relativistic enthalpy, the heat-flux tensor 
and the viscous tensor, respectively. For q^ and t^, we have the orthogonality relations 
as = and = 0. For the stationary disc, the radiation flux J 7 at the disc 

surface is calculated as T = q 6 . From the rest-mass conservation V ^(poii^) = 0, where 
V M is the covariant derivative. The mass accretion rate Mq of the disc is calculated 
as M = — 27rrE M r (= constant), where S is the surface density of the disc which 
is obtained by the integration of the rest-mass density along the disc thickness 2H 
as S = f x po rd6, where He is the angular thickness of the disc, i.e. H = rHe. 
Here, the radial component of the four-velocity is set to be negative, i.e. u r < 0. 
From the energy conservation V^T^hJ = and the angular momentum conservation 
VfjT^hJ' = 0, where = g^v + upu u is the projection tensor, we can obtain 
d r [M E + 27irW r t ] = inrFE and d r [M L - 2nrW r (/) ] = 4nrFL where is defined 
by the integration of the viscous tensor along the disc thickness as W^ v = t^ rd8. 
From the orthogonality condition u^ u = 0, we have the relation W r t = —QW^. 

By using these relations, the local flux at the disc Fir) [erg cm~ 2 s _1 ] is calculated 
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Figure 4. The flux J 7 [erg/s/cm 2 ] emitted from the geometrically thin and optically 
thick disc with the mass accretion rate M = O.lAYEdd around a super-spinar (solid 
lines) and a black hole (dotted lines) with a mass M = lOM©. The values of a* are 
selected as 0, 0.9 and 1 for black holes and 1.00001, 1.01, a cr = 4^2/(3^3) (~ 1.089), 
2, 5 and 9 for super-spinars. 



as S3 



Ma 



f(r) 



where f(r) is given by 
f(r) 



-d r Vt 



(E - VLL) d r L dr. 



(6) 



(7) 



(E — VtL) 2 Jr 

Here, the inner boundary of the disc is set to be the radius of the ISCO inside which 
there is no torque and no radiation. For a Kerr black hole with a* < 1, the analytic 
expression for f(r) is given by the Eq. (15n) in [37], which cannot be used for a* = 1. 
For a black hole with a* = 1, we can calculate f(r) as 

3 1 



f(r) 



1 3, 3, fx + 2 

x — 1 In x H — In 

2 2 V 3 



(for x > 1), (8) 



2Mx 2 (x + 2)(x - l) 2 

where x = (r/M) 1//2 , and for x = 1, /(r) = 1/(3M). For a super-spinar, i.e. a* > 1, we 
can obtain the analytic form of f(r) as 

3 1 f 3a 2 



f(r) 



2M x 2 (x 3 -3x + 2a, 



X — Xq + 



x*(x 2 3) 



ln(x/xo) 
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6 



(x2-lV3(x2-4) 



tan" 1 I 2X + X * I - tan" 1 ( 2x ° + x * I }> (g) 




where 



= (nsco/M) 1 / 2 , 

= - (a, - v^^T) 1 / 3 - (a, + v^^T) 1 / 3 . (10) 

Based on Eqs. (IA.2ip . §E§ and (jU]), we can analytically calculate the flux T [erg/s/cm 2 ] 
emitted from the disc. In FigHJ we plot the flux emitted from the geometrically thin and 
optically thick disc with the mass accretion rate M = O.lMEdd around a super-spinar 
(solid lines) and a black hole (dotted lines) with a mass M = 1OM . The values of a* are 
selected as 0, 0.9 and 1 for black holes and 1.00001, 1.01, a cr = 4^/(3^) (~ 1.089), 2, 
5 and 9 for the super-spinars. For all the calculations presented in Fig. HJ the radiation 
flux becomes zero within the radius of ISCO within which there is no torque. Then, the 
peak flux is achieved at a radius which is slightly larger than the radius of ISCO. 

As denoted in the previous section, the radiation efficiency for the super-spinar 
with the spin in the range of 1 < a* < 5/3 is larger than the radiation efficiency of 
the maximally rotating black hole (see Fig [3]). In FigUl we can see that in the cases 
when a super-spinar with its spin in the range of 1 < a* < 5/3, for any radius of the 
disc around such a super-spinar, the radiation flux is larger than that for the maximally 
rotating black hole. Then, for such a super-spinar, the total flux integrated along the 
disc surface also becomes larger than that of the maximally rotating black hole. For a 
super-spinar with the spin in the range a* > 8v^6/3, the radiation efficiency becomes 
smaller than that of the non-rotating black hole as seen in the previous section. In the 
case of a* = 9 in Fig. HI for any radius of the disc, the radiation flux is smaller than 
that for the non-rotating black hole (a* = 0). It is interesting that the amount of the 
local radiation flux for the super-spinar with the spin in 1 < a* < 5/3 can be larger 
than that of the maximally rotating black hole (a* = 1) by a few orders of magnitude. 



3.1. Temperature of the Accretion disc 

By assuming that the local radiation spectrum of the disc surface obeys the blackbody 
spectrum, it is possible to calculate the effective temperature of the accreting matter. In 
this case, the effective temperature T of the disc is related to the blackbody flux J 7 with 
the Stefan-Boltzmann equation, T = o~T A , where a is the Stefan-Boltzmann constant 
(a = 5.670 x 10~ 5 erg s _1 cm 2 K -4 ). By using the local flux J 7 calculated from Eqs. 
(IA.21I) . OH]) and and the Stefan-Boltzmann relation, the effective temperature of the 
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Figure 5. The radial profile of the effective temperature T [K] [= (F/er) 1 / 4 ] of the 
geometrically thin and optically thick disc for the same parameters used in Fig. 01 



disc can be calculated. In FigEJ we plot the radial profile of the effective temperature T 
[K] [= (F/a) 1 / 4 ] of the geometrically thin and optically thick disc around super-spinars 
{solid lines) and black holes {dotted lines) with the same parameters used in Fig. HI 

In a similar manner as radiation flux of the disc in Fig HJ we can see in Fig [5] that 
in the cases when a super-spinar with its spin in the range of 1 < a* < 5/3, for any 
radius of the disc around such a super-spinar, the temperature of the accreting matter 
is larger than that for the maximally rotating black hole. Also, for a super-spinar with 
the spin in the range a* > 8v6/3, the temperature of the accreting matters becomes 
smaller than that of the non-rotating black hole as seen in the case of a* = 9 in Fig. 
[5j It is noted that the temperature of the accreting matters for the super-spinar with 
the spin in 1 < a* < 5/3 becomes larger than that of the maximally rotating black 
hole (a* ~ 1) by at most a several factor. The radiation efficiency of the particle at the 
radius of ISCO for a* = 1.00001 is larger than that for a* = 1.01 by about a factor 2 
(see Fig. [3]). In addition, the disc for a* = 1.00001 achieves much higher temperature 
than for the case of a* = 1.01 as shown in Fig. [5l 
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Figure 6. The observed spectral energy distribution vL v [erg/s] of the geometrically 
thin and optically thick disc for the same parameters used in Fig. 2] for the viewing 
angles i = 0° and 85°. 
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3.2. Observed Energy Spectrum 

Here, we calculate the energy spectrum of the disc observed by the distant observer 
which is the function of the mass of the central object M, the mass accretion rate M, 
the spin of the central object a* and the viewing angle between the direction of the 
observer and the rotation axis of the disc i. The calculations are performed by solving 
general relativistic radiative transfer in the Kerr spacetime by including the usual special 
and general relativistic effects such as the Doppler boosting, the gravitational redshifts, 
the light bending and the frame-dragging. The calculation method of the observed 
energy spectrum L u [erg/s] is given in Appendix A, and this method is basically same 



as that used in [53j. In Fig El we plot the spectral energy distribution vL v [erg/s] of the 
geometrically thin and optically thick disc around super-spinars (solid lines) and black 
holes (dotted lines) for the viewing angles i = 0° (top) and 85° (bottom). The other 
parameters are same as those used in Fig HI Here, we assume the outer radius of the 
disc as r max = 10 4 M. 

As expected from the calculations given in Figs |4] and El the disc with a larger 
maximum temperature produces the energy spectrum extending to higher energy. The 
part of the lowest photon energy in the energy spectrum corresponds to the outer region 
(lowest temperature region) of the disc. So, for all the cases in Fig [6j we have the 
same energy spectrum in the part of the lowest photon energy [5l]- For the case of 
i = 85° in Fig El in the part of the middle photon energy in the energy spectrum, for 
a super-spinar with the spin around 1.01 < a* < a cr the slope of the energy spectrum 
becomes slightly steeper than that of others. The slope in the middle part reflects the 
radial profile of the temperature (see, FigE])- In Fig El we can see that for super-spinars 
with spins of a* = 1.01 and a cr have more increasing temperature profiles than other 
cases. These signatures can be seen in the middle part of the energy spectrum in the 
bottom panel of Fig El As a result, for a super-spinar with the spin of 1.01 < a* < a cr 
and the large viewing angle, the slope of the middle part of the energy spectrum gives 
the characteristic signature of such a super-spinar. On the other hand, for other super- 
spinars (i.e. 1 < a* < 1.01 and a cr < a*) this signature cannot be seen clearly. 

In the same way as the radiation flux and the temperature of the disc in FigEl we can 
see that in the cases when a super-spinar with its spin in the range of 1 < a* < 5/3, for 
any energy of the photon emitted from the disc around such a super-spinar, the emitted 
energy becomes larger than that for a maximally rotating black hole. For a super-spinar 
with the spin in the range a* > 8\/6/3, for any energy band the emitted energy becomes 
smaller than that of the non-rotating black hole. The disc for a* = 1.00001 produces 
photons with much higher energy. This is because the disc for a* = 1.00001 achieves 
much higher temperature than for the case of a* = 1.01. 

3. 3. Contributions of Energy Extracted from a Central Onject in Energy Spectrum 

As already stated, the negative energy region appears in the accretion disc around a 
super-spinar with the spin in the range of 1 < a, < a cr = 4^/(3^) (~ 1.089). We 
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Figure 7. The energy spectrum vL v [erg/s] for a super-spinar with the spin of 
a„ = 1.01; the energy spectrum contributed from the whole region of the disc (solid 
line) and the energy spectra contributed from the positive energy region (dashed line) 
and the negative energy region (dotted line). The total energy spectrum is the sum of 
the energy spectra from the positive and the negative energy regions. 



next investigate the effects of photons originated from the negative energy region in the 
energy spectrum and the total radiation energy In Fig we give the energy spectrum 
vL v [erg/s] for a super-spinar with the spin of a* = 1.01; the total energy spectrum 
(solid line), the energy spectra contributed from the positive energy region (dashed line) 
and the negative energy region (dotted line). The total energy spectrum is the sum 
of the energy spectra of positive and negative energy regions. In Fig [7J we can see 
that the contributions to the energy spectrum from the emission originated from the 
negative energy region is a relatively minor component. The total bolometric luminosity 
^totai j g ca i cu i a ted by the integration of the energy flux as L^ tal = J L v dv. Separately, 
we can also calculate the luminosity by the integration of the energy spectrum L~ 
contributed by the negative energy region as = f L~ dv, where L~ is the luminosity 
calculated from the photons emitted in the negative energy region as shown by the 
dotted line in Fig [3 
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Figure 8. The similar pairs of the energy spectra vL v [erg/s] of the geometrically 
thin and optically thick disc for a black hole (dotted lines) and a super-spinar (solid 
lines). The pairs of the spins for a black hole a* and its counterpart super-spinar 
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3.4- Can we confirm the Kerr bound from the thermal X-ray spectrum? 

We finally give the examples of the very similar pairs of the energy spectra of a black 
hole and a super-spinar. In Fig [SJ we plot the similar energy spectrum vF v [erg/s] 
of the geometrically thin and optically thick disc for a black hole (dotted lines) and a 
super-spinar (solid lines). The pairs of the spins for a black hole a^ H and a super-spinar 

a super-s P inar are ( a BH ^uper-spinar) = (Q, 6.53), (0.5, 5) and (0.9, 3.35) (left to right). 

As shown in this figure, surprisingly, for given black holes with some value of the spin 
a*(< 1), we can always find its counterpart objects with the spin a* larger than the 
unity whose observed spectrum is very similar to and practically indistinguishable from 
that of the black hole. As a results, we can not confirm the Kerr bound only by using 
the X-ray thermal spectrum of the black hole candidates. 

4. Discussion 

Here, we discuss about important topics relating to this study. After giving the 
discussion mainly in the research of the gravitational physics, we discuss about 
astrophysical topics. 
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In this paper, we consider the object which is described by the Kerr metric but have 
specific angular momentum larger than its mass. For such object, no emission from 
the object is assumed and we implicitly assume the general relativity near curvature 
singularity is replaced by other gravitational theory described in the Introduction. 
These assumptions have the background as follows. Since the last century, extensive 
investigations have been performed on the research of black holes and naked singularities, 
around which the strong-field of gravity is achieved and the nonlinearity of gravitation 
is prominent. In particular, the cosmic censorship conjecture [HI El El [9] has been 
proposed but its proof is yet very limited. On the other hand, it has been revealed 
that there are many examples of solutions to the Einstein field equations which have 
naked singularities and contain physically reasonable matter fields, although no such 
example has been proven to be completely generic (see, e.g. [HI [55]). This conjecture 
is often useful to deduce the properties of spacetimes and black holes (see, e.g. [56]). 
and hence many researchers on classical general relativity tend to assume it. However, 
from a quantum gravity point of view, the motivation is not so clear to believe that 
the cosmic censorship must hold within classical general relativity and, in fact, it has 
been pointed out that naked singularities in classical theory can be viewed as a window 
into new physics including quantum gravity [57]. If the specific angular momentum 
is greater than its mass in the Kerr solution, which is a stationary, axisymmetric and 
vacuum solution to the Einstein field equations, there is no horizon but naked singularity. 
However, it might be reasonable to consider that around the singularity classical general 
relativity is broken down and actually there is no singularity at the center pEj. In such 
cases, some physical mechanism such as quantum gravity effects replace the singularity 
with some finite radius R. One can imagine the radius R is very small but do not know 
how. Even within classical theory, the supercritically rotating Kerr solution might 
approximately describe the geometry exterior to a rapidly rotating compact object. In 
the past studies, based on quantum field theory in curved spacetime, the explosive 
emission from a forming naked singularity in gravitational collapse has been argued as a 
possible observational signature of naked singularities [581 EH1 EQl Ell E21 [63]. Although 
these explosive signatures might appear in the observational signatures, in this study we 
assume no emission from the central objects. We do not know whether these assumptions 
are reasonable or not, but the similar assumptions are used in the past studies (see the 
references in the following paragraphs). 

Before this study, there are a lot of past studies about the observational feasibility of 
the super-spinning objects and/or naked singularity in a variety of astrophysical contexts 
such as; direct radio observations of a super-spinning Kerr object jUEH], accretion disc 
around a super- spinning Kerr object [51) . gravitational lensing phenomena by a super- 
spinning Kerr object [651 EH1 E7J [68] , light rays from a forming naked singularity [691 E0] , 
particle creation (emission) from a forming naked singularity [591 EQl ED, E21 [711 E2] , 
gravitational radiation from a forming naked singularity [731 Ell ESI [76], physical 
processes in naked singularity formation [631 E3 EH]) connection to gamma-ray bursts 
(GRBs) [791 ED]. 
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Most of the past calculations related to general relativistic accretion disc models 
assume a black hole as the central compact object in the center of the accretion 
disc. If the observational data contain the physical information in the strong-field of 
gravity, these data can be used to test the assumption of the black hole as the central 
object and/or test the theory of gravitation including general relativity in the strong- 
field regime. Based on these motivations, recently several authors considered and/or 
calculated the accretion disc model around the central objects except the black hole 
in general relativity [EU E2J E21 EH EHl |86j EZ] . These calculations give the emissivity 
profiles of the discs surrounding the central objects including quark, boson, or fermion 
stars, wormholes and brane- world black holes, or discs in f(R) modified gravity models. 

It is widely accepted that most of the astrophysical black hole candidates discovered 
so far consist of the central object and the viscous accretion disc system. Therefore, in 
order to identify the objects with the super- spinning objects, it is essential to study the 
observational signatures of the viscous accretion disc around the assumed objects. Since 
the last century, a number of black hole candidates have been discovered by astronomical 
observations through the electromagnetic signatures (from radio to X-ray/gamma-ray) 
from the accreting matters plunging onto the central objects. Such radiation from the 
vicinity of the central objects contains the information about the space-time structure 
and the plasma in the strong gravitational field. Strictly speaking, to identify the central 
object with a black hole, we need to show not only that the observation is explained 
by the assumption that the central object is a black hole but also that it cannot be 
explained by the assumption that the central object is anything else. Although the test 
of gravitational theory is out of scope in the present paper, even general relativity is not 
a trivial assumption because it has never been so accurately tested in such a strong-field 
regime as around black holes. In this context, it is essentially important to clarify the 
relationships between the physics in the strong gravity and the observational features 
of the accreting plasma such as electromagnetic energy spectrum. In the context of 
the cosmic censorship, the observational identification of the central object provides a 
rather direct astrophysical test. For this purpose, it is at least required to find the 
distinguishable observational features between black holes and super-spinning objects 
(or naked singularities) [4j [65l EH] . 

As denoted in the Introduction, the X-ray spectrum of the black hole candidate 
generally consists of the thermal component originating from the accretion disc around 
the black hole and the non-thermal component originating from the high energy photons 
which are up-scattered in e.g. corona above or in the accretion disc. In this study, 
we only assumed the thermal component for simplicity. However, this is not valid 
especially for the hard X-ray spectrum. We know that there are many astrophysical 
objects with high energy radiation which can not be naturally explained by assuming 
the accretion disc used in this study. Especially, hard X-ray and gamma-ray radiation 
from the observed objects can not be simply explained by the standard disc around a 
black hole. For the explanation of such observed high energy radiation, past researchers 
proposed many physical processes such as the inverse-Comptonization of the corona 
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near the central object for the hard X-ray emission (e.g. [SSI ESI EHl EH E2J E3]), dark 
matter annihilation for X-ray and gamma-ray radiation (e.g. [9^1 |95| |96| [97J [98] ), and 
other many processes [99]. Although these emissions are also expected around a super- 
spinning object, if exists, these are the topics for the future studies. In addition to the 
geometrically thin accretion discs considered in this paper, many kinds of the discs are 
proposed. Among the variety of types of the accretion discs/flows, most basic one is the 
so-called standard disc or Shakura-Sunyaev disc [100J, whose state is achieved when the 
mass accretion rate M is sub-Eddington, i.e. M < L^ddfc 2 , where LecM is the Eddington 
luminosity given by L^d — 1-25 x 10 39 (M/10M Q ) erg/s. Here, M is the mass of the 
central object. For this mass accretion rate, the disc becomes geometrically thin and 
optically thick. This standard disc can be applied to black hole candidates in black hole 
binaries and active galactic nuclei. The general relativistic version of the standard disc 
is given for the first time in [16] and [17] . The accretion discs assumed in this study 
belongs to this type. Based on the accretion disc theory, for the other range of the mass 
accretion rate, different forms of the disc structures are realized; for example, radiatively 
inefficient accretion flow or advection-dominated accretion flow for much smaller mass 
accretion rate, supercritical accretion disc or slim disc for super-critical mass accretion 
rate, hypercritical accretion disc or neutrino-dominated accretion flow for hyper-critical 
mass accretion rate (for review, see e.g. [M])- For such accretion discs with a different 
mass accretion rate, since the physical processes in the disc and the equation of state are 
different, the resultant energy spectrum also becomes different from the results given in 
this paper. Especially, it is important to investigate the observational signatures of the 
radiatively inefficient accretion flow in the Galactic Center, where the direct imaging 
observations by the radio interferometers will be performed in the near future. It is 
expected that the direct imaging observations will determine the background spacetime 
geometry such as the spin parameter [21 [Ml EH EH EH Ell [106]. These studies 
will be performed in the future. 

5. Conclusions 

The observational confirmation of the Kerr bound directly suggests the existence of a 
black hole. In this study, in order to investigate testability of this bound by using the 
observed X-ray energy spectrum of black hole candidates, we first calculate the energy 
spectrum for the object whose spacetime geometry is described by the Kerr metric but 
whose specific angular momentum is larger than its mass, and then compare the results 
with that of a black hole. We call this object a super-spinar in this study. The optically 
thick and geometrically thin disc is assumed and only the thermal energy spectrum 
seen by the distant observer is calculated by general relativistic radiative transfer 
calculations including usual special and general relativistic effects such as Doppler 
boosting, gravitational redshift, light bending and frame- dragging. After calculating a 
disc structure such as velocity fields (FigTS]) and radiation efficiency at ISCO (Fig[3j), we 
have calculated energy flux radiated from the disc (FigHJ, disc temperature (Fig5J) and 
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observed energy spectrum (Fig [6]). We use the new analytic formula for the radiation 
flux of a disc. As known in past studies, some energy is extracted from the central 
objects whose specific angular momentum is larger than its mass. We have investigated 
the influence of the extracted energy on the energy spectrum of a disc. Finally, we 
compare the energy spectra of a super-spinar and that of a black hole. In terms of the 
energy spectrum observed by a distant observer, we have obtained the following results: 

• For the super-spinar with l<a i(! <5/3~ 1.667, higher energy photons are emitted 
from the disc than those from the disc around the maximally rotating black hole 
(see FigS]). This signature can be seen especially for the cases with large viewing 
angles, e.g. the case with i = 85° in Fig |6l 

• For the super-spinar with 1.01 < a* < 1.1 and its large viewing angle, the slope of 
the middle energy part of the energy spectrum becomes slightly steeper than that 
of the case of the black hole (see, e.g., the case for i = 85° in Fig [6]). 

• The influence of the extracted energy from a super-spinar on energy spectrum 
is negligible (see, Fig[7j). That is, most of the radiation energy comes from the 
accreting matters with positive energy even when the energy is maximally extracted 
from the super-spinar. 

• For a given black hole, we can always find its super-spinning counterpart in the 
range 5/3 < a* < 8\/6/3 whose observed spectrum is very similar to and practically 
indistinguishable from that of the black hole (see Fig [8]). As a result, we conclude 
that to confirm the Kerr bound we need more than the X-ray thermal spectrum of 
the black hole candidates. Although in principle black holes and super-spinars can 
be distinguished by the detailed observations of the energy spectrum, the distinction 
between the black holes and the super-spinars only by the steady-state emergent 
spectrum becomes a severe challenge to the future observational facilities. 

• For the super-spinar with a* > 8\/6/3 ~ 6.532, the total radiation energy of the 
disc is lower than the disc around the non-rotating black hole. 

As a result of this study, we found, surprisingly, that for a given black hole we can 
always find its super-spinning counterpart whose observed spectrum is very similar 
to and practically indistinguishable from that of the black hole. Then, in order to 
confirm the Kerr bound we need more than the X-ray thermal spectrum of the black 
hole candidates. 
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Appendix A. Calculation method of the observed energy spectrum 

In this appendix, we describe the calculation method of the observed energy spectrum 
in Kerr spacetime. After describing the calculation method of the null geodesies in Kerr 
spacetime, the formula for energy flux, image and energy spectrum observed by a distant 
observer are presented. It should be noted that the calculation method given here was 
essentially already presented in the past studies, e.g. [107L 11081 H09J, for the black hole 
spacetime. We have developed these codes in the past studies, e.g. [53], [103]. The same 
calculation methods can be applied to the case of the super-spinar. 
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Appendix A.l. Calculation of null geodesies in Kerr spacetime 

In the Kerr spacetime described by the Boyer-Lindquist coordinates given by Eq. (CQ), 
the integral forms of null geodesies are calculated as [U 09] 

36 J 7Wr Sr l 7WY (A - 1} 

t = S9 f z^E^JA de + Sr f r (r!±£l£ rfr , (a.2) 
J VW) J ^VW) 

f -(aE sin 2 9 -L z ) ,„ f r aP , , An , 

= s e —— ' - d6 + s r dr (A.3) 



where s r = ±1 and sg = ±1 determine the direction of the integration along the 
geodesies and 9(6 I ) and R(r) are respectively given as 

Q(6) = Q- cos 2 6 [a 2 (m 2 - E 2 ) + L 2 / sin 2 9] (A.4) 
i?(r) = E 2 r A -(Q + L 2 - a 2 E 2 )r 2 + 2M[Q + (L z - aE) 2 }r - a 2 Q. (A.5) 

Here, E(= —pt), L z {= p$) and Q are respectively energy, angular momentum with 
respect to the rotation axis and Carter constant, all of which are constants of motion. 
In this study, since we consider the axisymmetric disk in the equatorial plane, we only 
need to solve r and 9 components of the null geodesies given by Eq. ( 1A.1I) . If we 
introduce the variables, u and /i, defined as 
M 

u= — and fi = cos9, (A. 6) 

r 

and insert these variables into Eq. flA.lj) . we obtain 

d/j, f u du 

where = ±1 and s u = ±1 determine the direction of the integration along the 
geodesies, and K(/i 2 ) and U*(u) are respectively defined as 

K(/i 2 ) = - a 2 y -iv + ( 2 - al]n 2 + n (A.8) 
U*(u) = - alr)u A + 2[?7 + (C - a,) 2 ]u 3 - (v + C - a 2 Ju 2 + 1. (A.9) 

Here, rj and ( are respectively defined as 

O L 

V = ttt^ and C = tt^- (A.10) 
' M 2 E 2 s ME v ' 

It is easily shown that we have the relation of 

V + (a* -C) 2 >0 (A.ll) 

and the case of r\ + (a* — () 2 = requires 9 to be constant (see, section 63 of |108| ). 
Therefore, we do not require the case of rj + (a* — () 2 = 0. For all the possible values of 
a*, i] and (, the function K(/-t 2 ) can have the forms of 

K(/i 2 ) = a/j 4 + b/j 2 + c, a/j 2 + 6, or a (A. 12) 
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where a, b and c are variables described by a*, r] and (. Especially, it is noted that a is 
the non-zero variable. In a similar manner, the function U*(u) have the forms of 

U m (u) = au 4 + bu 3 + cu 2 + 1 or au 3 + bu 2 + 1, (A.13) 

where a, b and c are variables described by a*, r) and £. For each type of K(/i 2 ) and 
U*(u) given Eqs. (1A.12I) and (1A.13I) . we can solve the integrals of \i and u by using the 
formula of the elliptic integrals, and the explicit forms of these solutions are given in 
[109]. Our geodesic code is created based on these formula. On the other hand, the null 
geodesies can also be calculated by the numerical integrations of the Hamilton- Jacobi 
equations. We have also developed the null geodesic code for the arbitrary spacetime 
with 3+1 form, and we have confirmed that both codes using the analytic formula 
and the numerical integrations show the good agreement for the calculation of the null 
geodesies in Kerr spacetime. 

In the present study, we consider the distant observer. In such a case, two constants, 
r] and (, used for the calculations of the null geodesies are related to the celestial 
coordinates (x, y) of the images seen by the distant observer as [108J 



C / C 2 

x = and y = ±\ r] + alcos 2 i 5— (A.14) 

sin i V tan % 

and inversely we have 

C = — xsmi and i] = y 2 + (x 2 — a 2 ) cos 2 i (A. 15) 

where % is the viewing angle between the rotation axis of the black hole and the direction 
of the observer. By using these formula, we calculate r\ and ( from the celestial 
coordinates (x, y). 

Appendix A. 2. Calculation of the observed specific intensity 

Next, we describe the calculation method of the observed spectrum in Kerr spacetime 
which was established by the past studies, e.g. [107] . for the black hole spacetime. For 
the super-spinar, the calculation method is essentially same. In order to calculate the 
observed energy spectrum, first we have to calculate the observed specific intensity, I„ oha 
[erg s _1 cm -2 str -1 Hz -1 ], of the accretion disk with the observed photon frequency z/ b s - 
The observed specific intensity is related to the specific intensity measured in the local 
rest frame of the disk as 

L ohB =9 3 I^ (A.16) 
where I Urcst is the specific intensity in the local rest frame and g is defined as 

9 = — (A.17) 

^rest 

where z/ res t is the photon frequency measured in the local rest frame. In this study, since 
we consider the accretion disk of which the specific intensity in the local rest frame is 
given by the black body spectrum B Vieat (T), where T is the temperature of the accretion 
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disk calculated in §3.11 The g-factor given in Eq. ( ]A.17j) is calculated by using the same 
method in [107] as 

= (-PXUs (A lg) 

{-Pn ufl )rcst 

where in the observer frame since we have 

{u\ u\ u\ u+) ohe = (1, 0, 0, 0), (A.19) 

then 

(-pX)obs = -E, (A.20) 

where E is the constant of motion along the null geodesies. On the other hand, in the 
local rest frame in the accretion disk, we calculate p M from the geodesic equations in 
Kerr spacetime [19] and is calculated from the Keplarian disk given in £j2j In this 
manner, since we can calculate the ^-factor which includes both the special and general 
relativistic effects such as the Doppler boosting, the gravitational redshifts, the frame- 
dragging effects, etc, the photon frequency in the local rest frame z/ rest is calculated 
from g and the observed photon frequency as z/ rest = g^Vobs- This photon frequency 
measured in the local rest frame is a function of a*, i, x, y and z/ b s - 

Appendix A. 3. Calculation of observed flux, images and energy spectrum 

By using the observed specific intensity given in the last subsection, the observed flux, 
[ er S s_1 cm -2 Hz -1 ], at the observed photon frequency u ^ s is calculated as 

F °ll = J2 J dv ™* 9% IC J(^s - gVrcst) (A.21) 

where 5 is the delta function and d is the distance of the observer. The observed flux 
calculated in this manner is also the function of a*, i, x, y and ^ b s - Based on the 
observed flux calculated in Eq. flA.21j) . we can calculate the observed images for given 



observed photon frequency z/ obs , the spin a* and the viewing angle i. In the observed 
images, in addition to the direct images of the accretion disk, we take into account 
the indirect images which is formed along the null geodesies penetrating the equatorial 
plane inside the ISCO. 

By calculating the observed images of the accretion disk for some appropriate range 
of the observed frequency and integrating the observed flux in x-y plane, we can calculate 
the observed luminosity, L Uohs [erg s _1 Hz" 1 ], at the observed photon frequency u ohs , i.e. 

Lu ohs = jdxjdy F° b b s s , (A.22) 

where in terms of the integration ranges of x and y we consider geodesies penetrating 
the equatorial plane inside the maximum radius, r max , of the accretion disk. In the main 
part of this paper, we denote the observed photon frequency as v for simplicity. 



